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INTRODUCTION 


The  arc-shaped  tension  loaded  (A(T))  specimen  has  been  accepted  as  one  of 
the  standard  fracture  toughness  samples  in  ASTM  Standard  E-399  on  Fracture 
Toughness  Testing  of  Metals  since  1978.  This  specimen,  which  i?  -  single-edge 
notched  and  fatigue-cracked  ring  segment  loaded  in  tension  can  be  easily  fabri¬ 
cated  from  hollow  thick-walled  cylinders.  For  some  applications,  such  as  rela¬ 
tively  thin-walled  tubing,  a  bending  sample  would  be  more  convenient.  Two 
bending  sample  variations  of  the  arc-shaped  sample  have  been  suggested.  One  of 
these  is  the  arc  bend-chord  support  sample  where  the  reaction  loads  are  applied 
to  a  chord  that  is  machined  in  the  specimen  (Figure  la).  The  second  type  is  the 
arc  bend-arc  support  sample  where  the  reaction  loads  are  applied  at  the  inside 
diameter  of  the  sample  (Figure  lb).  This  report  deals  only  with  the  latter 
sample. 

ASTM  Task  Group  E24.01.05  on  Fracture  Specimen  Design  considered  the 
distinct  advantages  the  arc  bend-chord  support  sample  has  as  compared  to  the  arc 
bend-arc  support  sample.  Thus,  the  arc  bend-arc  support  sample  was  eliminated 
from  consideration  as  a  standard  fracture  toughness  sample.  Nevertheless,  use¬ 
ful  information  has  been  generated  in  the  analysis  of  the  arc  bend-arc  support 
sample,  such  as  the  development  of  stress  intensity  factor  and  crack-mouth- 
opening  displacement  solutions  using  boundary  collocation  (ref  1).  This  report 
presents  the  results  of  further  analyses  to  calculate  and  measure  the  load-line 
compliance  of  the  arc  bend-arc  support  sample. 

The  primary  load-line  compliance  results  were  obtained  in  the  following 
manner.  It  is  assumed  that  the  total  load-line  compliance  of  sample  (A tot)  is 
given  by 

Atot  =  Acrack  +  Ano  crack  (1) 


1 


where  Ano  crack  is  the  compliance  of  the  specimen  with  no  crack  present  and 
Acrack  is  'the  additional  displacement  due  to  the  presence  of  the  crack.  Using 
this  formulation,  Ano  crac)<  is  determined  using  Winkler's  theory  as  referenced 
by  Jones  (ref  2),  and  is  found  by  integrating  Irwin's  compliance  equation 

( ref  3 ) 


P2  3C 
2B  3a 


(2) 


where  G  is  the  strain  energy  release  rate,  C  is  the  compliance  of  the  sample 
(C  =  Acrack/p:  p  being  the  load),  and  a  is  the  crack  depth.  The  energy  release 
rate  is  determined  from  (ref  4) 

G  =  K2/E '  (3) 

where  K  is  the  stress  intensity  factor  and  E'  is  the  elastic  modulus  (E)  for 
plane-stress  conditions  or  (E ' =E/ ( l-p2 ) ;  y  being  Poisson's  ratio)  for  plane- 
strain. 

In  addition,  load-line  compliance  solutions  were  obtained  using  boundary 
co1 1oc3t-fon  (?C>,  finite  element  methods  (FEM),  and  the  boundary  integral  ele¬ 
ment  method  ( B I E ) .  Two  different  modeling  methods  were  used  when  these  numeri¬ 
cal  techniques  were  employed.  Also,  load-line  compliance  was  measured  on 
several  specimen  geometries. 


LOAD-LINE  COMPLIANCE  USING  IRWIN'S  EQUATION 

As  stated,  the  load-line  compliance  can  be  determined  with  Eq.  (1), 
obtaining  Acrac|<  by  integrating  Eq.  (2).  The  formulation  of  Ano  crack  using 
Winkler's  theory,  has  been  accomplished  by  Jones  (ref  2)  and  is  not  discussed  in 
detail  in  this  report.  The  result  for  Ano  crack  is 
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2 (k-1 )  (2+3 m)90 

Ik+iyTnlkj  +  cos2  0q 


(4) 


Ano  crack  =  §E  {8(R=IT  C(c5i*"00  "  tan  90)/(1  “ 

+  (4+3p)tan  0O]} 

where  B  is  the  through-thickness ,  k  is  the  radius  ratio  (r2/r^),  and  9q  is  the 
angle  of  support. 

To  determine  the  value  of  we  use  the  stress  intensity  factor  solu¬ 

tion  of  Gross  and  Srawley  (ref  1)  in  Eq.  (3)  and  substitute  the  result  into  Eq. 
(2).  Upon  rearranging  and  integrating,  the  result  is 

a/W 

Acrack  =  2tan2  0O  j  [f (a/W) ] 2d(a/W)  (5) 

0 


f (a/W) 


_KB{W)^4_ 
P  tan  0 q 


(6) 


where  W  is  the  specimen  width,  and  P  -is  the  applied  load. 

Since  the  stress  intensity  factor  solution  developed  in  Reference  1  is  a 
numerical  solution  and  is  reoorted  only  at  discreet  values  of  (a/W),  to  evaluate 
the  integral  in  Eq.  (5),  the  numerical  solution  must  be  estimated  at  values  of 
a/W  other  than  those  reported.  To  do  this,  interpolating  polynomials  of  the 
following  type  were  fit  to  the  K  ‘■olutions: 

f(a/W)  =  p-fajV^Q  =  A1  e  ( A2  ( a/W )  +  A3(a/W)2  +  A4(a/WP>  (7) 


where  Aj,  a2,  A3,  and  A4  are  constants  determined  by  least  squares  fitting  to 
the  numerical  solution  and  e  is  the  base  of  the  Naperian  logarithm.  The 
integration  was  performed  using  Simpson's  rule.  The  results  for  Atotai  are 


3 


g  i  ven 


Table  I,  for  a  wide  range  of  radius  ratios  (f^/rj),  support  angles  (0q) 


in  degrees,  and  crack  depths  (a/W). 

TABLE  I.  E'BAtota1/P  DETERMINED  USING  IRWIN’S  EQUATION  APPROACH 
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16.46 
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54.79 
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2/ri  «  2.5 

0o 
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For  completeness,  the  load-line  compliances  for  the  arc  bend-arc  support 
specimen  with  external  cracks  are  considered  in  the  same  manner  as  outlined 
above,  using  Irwin's  Equation  approach.  These  results  are  presented  in  tabular 
form  in  Appendix  A. 


LOAD-LINE  DISPLACEMENT  SOLUTIONS  WITH  NUMERICAL  METHODS 

For  analysis  purposes,  the  arc  bend-arc  support  sample  can  be  modeled  as 
shown  in  Figure  2a,  if  it  is  assumed  that  the  roller  supports  cause  a  reaction 
force  to  act  radially  as  shown.  This  is  probably  the  case  if  the  displacement 
of  the  sample  is  small.  Large  displacements  cause  the  inside  surface  of  the 
specimen  to  roll  over  the  reaction  rollers.  This  changes  the  boundary  con¬ 
ditions  making  the  problem  nonlinear.  For  this  study,  small  displacements  are 
assumed  and  a  linear  analysis  is  performed.  A  second  model  for  the  specimen  is 
shown  in  Figure  2b.  In  this  case,  the  load  is  applied  as  in  the  actual  loading 
of  the  specimen  and  the  reactions  are  at  the  inside  radius  of  the  samDle.  Both 
of  these  models  are  used  to  determine  the  load-line  displacements. 
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Three  methods  were  used  to  develop  the  load-line  displacements:  a  finite 
element  method  (ref  5),  a  boundary  value  collocation  method  (ref  6),  and  a 
boundary  integral  element  method  (ref  7).  The  boundary  value  collocation 
results  are  generated  using  exactly  the  same  stress  function  and  its  derivative 
as  reported  in  Reference  1.  In  that  earlier  study,  stress  intensity  factors  and 
crack-mouth-opening  displacements  only  were  generated.  If  only  these  two  param¬ 
eters  are  sought,  a  relatively  small  boundary  is  all  that  is  required  for  the 
analysis.  The  stresses  that  result  on  a  radial  plane  between  the  reactions  at 
0  =  0O  and  0=0  can  be  calculated  and  applied  to  that  annular  segment  at  the 
intermediate  radial  plane.  The  loading  is  equivalent  to  the  actual  loading  and 
is  sufficient  to  determine  stress  intensity  factors  and  crack-mouth-opening  dis¬ 
placements,  but  this  modeling  is  not  sufficient  to  determine  the  load-line 
displacement.  The  boundary  collocation  method  used  here  and  in  Reference  1  is 
based  on  the  Williams  stress  function  (ref  6).  With  this  stress  function,  all 
displacements  are  relative  to  the  displacement  of  the  crack  tip,  or  it  is 
assumed  that  the  crack  tip  is  stationary.  In  order  to  determine  the  load-line 
displacement  with  this  method,  the  displacement  of  two  points  must  be  known: 
first,  the  displacement  of  the  point  of  applied  external  force  relative  to  the 
crack  tip,  and  second,  the  component  of  displacement  in  the  direction  of  the 
applied  external  force  at  the  roller  reaction.  In  order  to  accomplish  this,  the 
reaction  point  must  be  included  on  the  boundary  which  is  analyzed.  The  bound¬ 
aries  studied  here  included  the  reaction  point,  which  is  the  only  difference 
between  vhis  analysis  and  that  reported  in  Reference  1. 

The  finite  element  method  applied  here  (ref  5)  utilizes  cubic  isoparametric 
elements  and  is  written  such  that  either  model  for  the  specimen  can  be  applied. 
Grid  points  at  any  location  can  either  be  loaded  or  constrained.  We  used  this 
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method  to  model  the  problem  in  both  ways  described  above.  In  this  study,  the 
boundary  integral  element  code  used  utilized  cubic  Hermitian  elements  (ref  7). 
This  code  was  written  so  that  only  entire  elements  could  be  constrained  or 
loaded.  This  makes  it  difficult  to  model  the  loading  of  the  arc  bend-arc 
support  sample  by  loading  at  the  physical  load  point  and  reacting  the  load  at 
the  inside  radius  (the  physical  reaction  point).  These  loads  and  reactions  are 
in  the  ideal  case  point  loads  and  reactions.  Therefore,  only  the  first  modeling 
described  with  the  boundary  integral  element  method  was  used. 

NUMERICAL  RESULTS 

Solutions  were  obtained  for  a  wide  range  of  specimen  geometries  and  loading 
conditions.  Since  the  arc  bend-arc  support  sample  can  have  many  radius  ratios 
(r2/rl)»  several  reaction  points  0q,  and  several  crack  depths  (a/W),  all  of 
these  variables  were  studied.  In  the  interest  of  brevity,  only  a  representative 
number  of  these  solutions  are  presented  here.  These  are  for  the  cases  of  r2/ri 
=  1.1,  1.5,  and  2.0  at  90  =  36  or  54  degrees  and  0.3  $  a/W  $  0.7.  The  results 
are  shown  in  Table  II  for  0g  =  36  degrees  and  in  Table  III  for  0g  =  54  degrees. 
Included  in  the  tables  are  the  solutions  for  the  stress  intensity  factor  (K)  and 
the  crack-mouth-opening  displacement  (Acm)  as  well  as  the  load-line  displace¬ 
ment.  The  K  and  Acm  solutions  are  presented  to  give  a  measure  of  the  accuracy 
to  the  numerical  solutions. 
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TABLE  II.  NUMERICAL  SOLUTIONS  FOR  THE  ARC  BEND- 

ARC  SUPPORT  SAMPLE  WITH  d0  =  36  DEGREES 


Method 


Coll  (ref  1) 
Coll  (TS) 

BIE 

FM  ( ARF ) 

FM  (RS) 


<Vr  1 


P  tan  Qr 


34.97 

35.26 

34.20 


45.32 

45.83 

44.66 


60.37 

61.28 

60.11 


84.23 

86.70 

85.36 


130.9 

135.8 

131.8 


Coll  (ref 
Coll  (TS) 
BIE 

FM  (ARF) 
FM  (RS) 


8.632  11.31  15.24  21.82  34.29 

8.604  11.25  15.20  21.69  33.65 

8.634  11.29  15.27  21.90  34.60 

8.560  11.26  15.33  22.09  34.77 

9.501  12.90  18.60 


Coll  (ref  1) 
Coll  (TS) 

BIE 

FM  (ARF) 

FM  (RS) 


5.309 

5.386 

5.270 

5.247 


6.996 

7.024 

6.966 

6.976 


9.565 

9.557 

9.545 

9.631 


13.88 

13.84 

13.86 

14.08 


22.14 

22.04 

22.13 

22.46 


E ' ^Acmw 
6M~" 


Method 


Coll  (ref  1) 
Coll  (TS) 

BIE 

FM  (ARF) 

FM  (RS) 

Coll  (ref  1) 
Coll  (TS) 

BIE 

FM  (ARF) 

FM  (RS) 

Coll  (ref  1) 
Coll  (TS) 

BIE 

FM  (ARF) 

FM  (RS) 


r  2  /  r  1 


2.191  3.714 


2.274 

2.126 


2.219 

2.177 

2.252 

2.184 


2.229 

2.275 

2.216 

2.226 


3.803 

3.570 


3.620 
3.650 
3.709 
3.661 
3.598 

3.661 

3.704 

3.621 
3.605 


6.314 

6.431 

6.014 


6.194 

6.152 

6.223 

5.991 

5.986 

6.115 

6.183 

6.054 

5.935 


10.96 

11.51 

10.60 


11.04 

10.97 

11.30 

10.49 

10.46 

10.85 

10.88 

10.78 

10.34 


22.40 

23.16 

20.58 


22.02 

21.80 

22.20 

20.34 


21.67 

21.63 

21.61 

20.05 


Method 

Irw 

in's  Eq. 

Col 

1  (TS) 

BIE 

FM 

(ARF) 

FM 

(RS) 

Irwin's  Eq. 

Col 

1  (TS) 

BIE 

FM 

(ARF) 

FM 

(RS) 

FM 

(RS, rel ) 

Irw 

in's  Eq. 

Col 

1  (TS) 

BIE 

FM 

(ARF) 

FM 

IRS] _ 

Coll  (ref  1) 
Coll  (TS) 

BIE 

FM  ( ARF ) 

FM  (RS) 

Irwin's  Eq. 
FM  (RS.rel) 


TABLE  II.  (CONT'D) 
E'BAtotal 

p 


Collocation  reference  1 
Collocation  this  study 
Boundary  integral  equation 

Finite  element  with  physical  load  point  fixed  and  roller 
reaction  applied  at  the  inside  radius 

Finite  element  with  load  applied  at  the  physical  load  point 
and  the  inside  radius  constrained  at  0q 
Irwin's  equation 

Finite  element  with  load  applied  at  the  physical  load  point 
and  the  inside  radius  constrained  at  90,  relative 
displacement  of  the  load  point  with  respect  to  the  roller 
reaction  point 
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TABLE  III.  NUMERICAL  SOLUTIONS  FOR  THE  ARC  BEND- 

ARC  SUPPORT  SAMPLE  WITH  80  *  54  DEGREES 

__kb/w__ 

P  tan  90 


Method 


Coll  (ref  1) 
Coll  (TS) 

BIE 

FM  (ARF ) 

FM  (RS) 

Coll  (ref  1) 
Coll  (TS) 

BIE 

FM  (ARF) 

FM  (RS) 

Coll  (ref  1) 
Coll  (TS) 

BIE 

FM  (ARF) 

FM  (RS) 


r2/rl 


0.3 

35.28 

45.32 

35.86 

46.62 

34.62 

45.16 

8.987 

11.71 

9.063 

11.71 

9.006 

11.73 

9.039 

11.81 

5.700 

5.657 

5.675 

5.738 


9.501 

.432 

.393 

7.418 

7.534 


60.37 

62.29 

60.67 


15.69 

15.70 
15.78 
15.94 
13.33 

10.03 

10.01 

10.06 

10.24 


84.70 


22.30 

22.28 

22.51 

22.76 

19.06 

14.38 

14.34 

14.44 

14.74 


E’BAcmW 


6M 


11.38 

11.41 

11.50 

10.85 

10.81 


6.503 

6.408 

6.485 

6.273 


11.43 

11.33 

11.41 

10.89 


130.9 

138.1 

132.5 


34.82 

34.80 

35.42 

35.50 


22.68 

22.48 

22.85 

23.19 


23.60 

20.70 


22.56 

22.58 

22.91 

20.92 


22.55 

22.36 

22.63 

20.93 


TABLE  III.  (CONT'D) 


E’B^total 

--"p 


Method 

r2/rl 

a/W 

mm 

0.4 

mm 

0.6 

0.7 

Irwin's  Eq. 

1.1 

5407 

6025 

7073 

9018 

13320 

Coll  (TS) 

1.1 

- 

- 

- 

- 

- 

BIE 

1.1 

2656 

2999 

3589 

4701 

7168 

FM  (ARF) 

1.1 

2595 

2914 

3455 

4444 

6516 

FM  (RS) 

1.1 

- 

- 

- 

Irwin's  Eq. 

115.8 

156.4 

226.0 

357.9 

657.6 

Coll  (TS) 

43.28 

58.40 

86.06 

139.3 

257.6 

BIE 

mil 

43.86 

60.12 

88.23 

142.6 

262.8 

FM  (ARF) 

1.5 

43.79 

59.44 

86.12 

135.6 

241.9 

FM  (RS) 

1.5 

- 

151.4 

218.0 

341.9 

- 

FM  ( RS , rel ) 

- 

59.26 

85.87 

135.1 

Irwin's  Eq. 

■ 

36.68 

52.98 

81.23 

135.6 

262.0 

Coll  (TS) 

11.08 

15.95 

23.50 

39.39 

75.05 

BIE 

11.29 

15.93 

24.14 

40.19 

76.91 

FM  (ARF) 

11.69 

16.21 

24.05 

38.92 

71.58 

FM  (RS) 

— 

— 

“ 

Coll  (ref  1) 
Coll  (TS) 

BIE 

FM  ( ARF ) 

FM  (RS) 


Irwin's  Eq. 
FM  (RS.rel) 


Collocation  reference  1 
Collocation  this  study 
Boundary  integral  equation 

Finite  element  with  physical  load  point  fixed  and  roller 
reaction  applied  at  the  inside  radius 

Finite  element  with  load  applied  at  the  physical  load  point 
and  the  inside  radius  constrained  at  0q 
Irwin's  equation 

Finite  element  with  load  applied  at  the  physical  load  point 
and  the  inside  radius  constrained  at  9q,  relative  displacement 
of  the  load  point  with  respect  to  the  roller  reaction  point 


DISCUSSION  OF  NUMERICAL  RESULTS 

Considering  the  results  for  Oq  =  36  degrees,  we  find  that  all  of  the  K 
results  generated  in  this  study  agree  with  the  solutions  reported  in  Reference  1 
very  well.  The  maximum  difference  appears  to  be  about  3  percent  in  some  cases 
with  most  of  the  solutions  being  closer  if  the  specimen  is  modeled  by  applying 


the  roller  reaction  as  the  active  load  and  fixing  the  load  point  or  the  crack 
tip.  If  the  specimen  is  modeled  by  applying  the  physical  load  at  the  physical 
load  point  and  fixing  the  inside  radius  at  9q  to  move  only  in  the  direction  of 
9q  FM  (RS),  K  does  not  agree  at  all  with  the  solution  reported  in  Reference  1. 
This  finite  element  model  predicts  that  the  stress  intensity  factor  should  be 
about  18  percent  less  than  that  reported  in  Reference  1  and  developed  here  using 
the  other  model.  Considering  the  crack-mouth-opening  displacements,  all  of  the 
solutions  generated  agree  with  one  another  quite  well,  including  both  finite 
element  solutions,  although  for  deep  cracks,  the  finite  element  solutions  both 
seem  to  predict  less  displacement  than  the  other  methods. 

The  major  discrepancies  occur  with  the  load-line  displacements.  Using 
Irwin's  Equation  to  predict  the  load-line  displacement  solution  by  integrating 
the  K  solutions  in  Reference  1,  a  much  greater  load-line  displacement  is  pre¬ 
dicted  than  if  the  specimen  is  modeled  with  the  roller  support  reaction  applied 
and  the  physical  load  point  or  the  crack  tip  is  fixed.  The  difference  can  be 
greater  than  50  percent.  Furthermore,  all  of  the  numerical  solutions  developed 
here  agree  with  one  another  (within  about  4  percent).  The  interesting  discovery 
here  is  that  when  the  specimen  is  modeled  such  that  the  active  load  is  applied 
at  the  physical  load  point  and  the  inside  radius  is  constrained  at  0g  in  the 
direction  of  9q,  the  finite  element  solution  agrees  with  Irwin's  Equation  and 
disagrees  with  the  other  numerical  solutions.  An  additional  solution  is  pre¬ 
sented  for  the  load-line  displacements:  the  specimen  is  modeled  by  applying  the 
load  at  the  physical  load  point  and  constraining  at  0q  in  the  direction  of  Oq* 
but  determines  the  displacement  of  the  load  point  relative  to  the  roller  reac¬ 
tion  point  FM  (RS.rel).  This  relative  displacement  agrees  with  the  solutions 
generated  by  fixing  the  load  point  and  applying  the  roller  reaction  as  the 
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active  load.  This  observation  suggests  that  both  the  numerical  solutions  and 
the  Irwin's  Equation  solutions  are  correct,  but  solve  for  a  different  parameter. 

The  discrepancy  between  the  two  solution  methods  is  unusual  and  unexpected. 
The  two  models  for  the  specimen  are  statically  equivalent,  i.e.,  from  a  mechan¬ 
ics  of  materials  approach,  they  should  produce  the  same  solutions.  For  K  and 
Acm,  the  same  solution  is  obtained  regardless  of  modeling.  This  would  lead  one 
to  believe  that  the  load-line  displacements  generated  with  these  models  should 
be  very  accurate.  As  it  turns  out,  they  are  indeed  accurate  to  determine  the 
displacement  of  the  reaction  point  relative  to  the  load  point,  but  it  is  clear 
that  there  is  another  component  of  the  load-line  displacement  that  is  not 
accounted  for.  This  additional  displacement  in  the  direction  of  the  load-line 
at  first  suggests  that  a  general  translation  of  the  specimen  must  occur,  but  of 
course  that  is  impossible  with  the  static  conditions  that  must  apply.  Rather, 
the  additional  displacement  is  a  consequence  of  the  imposed  conditions  that  the 
specimen  cannot  move  in  the  0q  direction.  This  condition  can  be  met  with  the 
reaction  point  moving  in  the  direction  of  the  applied  load  if  there  is  addi¬ 
tional  displacement  in  the  direction  perpendicular  to  the  load-line  direction 
such  that  the  vector  sum  of  these  displacements  is  zero  in  the  0O  direction. 

Such  a  constraining  condition  is  easily  applied  to  a  computer  stress  analysis, 
but  may  be  very  difficult  to  produce  in  the  laboratory.  In  the  laboratory,  the 
conditions  for  supporting  the  arc  bend-arc  support  sample  would  be  to  fix  the 
roller  location  parallel  and  perpendicular  to  the  direction  of  the  applied  load 
in  some  sort  of  a  bearing  such  that  roller  rotation  is  allowed.  When  the  load 
is  applied  to  maintain  the  condition  that  the  displacement  in  the  direction  of 
9q  is  zero,  the  rollers  must  move  in  the  direction  of  the  applied  load  so  that 
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the  initial  point  of  roller  contact  remains  the  only  point  of  contact.  Since 
the  rollers  would  normally  be  fixed  in  space,  the  additional  displacement  must 
be  accommodated  by  the  specimen  moving  relative  to  the  rollers.  This  changes 
the  boundary  conditions  making  the  specimen  in  actual  testing  nonlinear  in  the 
sense  that  the  boundary  conditions  are  variable  (0q  changes  with  the  magnitude 
of  applied  load  and  crack  length).  Of  course,  if  the  loads  are  low  and  the 
resulting  displacements  of  the  specimen  are  also  small,  the  laboratory  con¬ 
ditions  are  close  to  the  idealized  boundary  conditions  outlined.  This  suggests 
that  if  the  specimen  is  to  be  used  on  a  material  with  properties  such  that  rela¬ 
tively  large  displacements  will  result,  the  arc  bend-arc  support  specimen  is  of 
questionable  applicability.  Such  conditions  may  only  be  obtained  when  testing 
very  high  strength  brittle  materials.  Use  of  this  specimen  for  J  testing,  K-R 
testing,  or  even  Kjc  testing  (where  as  much  as  2  percent  crack  growth  is 
allowed)  may  not  be  prudent  due  to  the  large  displacements  involved. 

The  discrepancy  in  the  K  solutions  with  modeling  is  also  very  confusing. 

As  stated,  the  two  models  for  the  specimen  are  statically  equivalent. 

Therefore,  the  stresses  produced  by  either  loading  condition  should  be  the  same. 
Of  the  three  specimen  parameters  presented  in  this  report,  K  should  be  the 
parameter  most  closely  associated  with  stress.  Therefore,  it  would  be  expected 
that  the  parameter  most  insensitive  to  modeling  should  be  K.  This  is  apparently 
not  the  case.  A  possible  explanation  is  that  the  additional  displacement  intro¬ 
duced  by  the  idealized  boundary  conditions  would  cause  the  resultant  bending 
stress  on  the  uncracked  ligament  to  change.  If  the  stress  on  the  uncracked 
ligament  changes,  certainly  the  stress  intensity  factor  could  change. 
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EXPERIMENTAL  PROCEDURE 


Experimental  measurements  of  load-line  compliances  for  the  arc  bend-arc 
support  sample  in  several  possible  specimen  geometries  were  obtained.  Two  sets 
of  experiments  were  run.  In  the  first,  as  shown  in  Figure  3,  great  pains  were 
taken  to  position  the  fixtures  of  the  reaction  rollers.  As  shown  in  the  figure, 
the  rollers  were  fixed  in  space,  but  were  supported  in  bearings  such  that  free 
rotation  of  the  supports  was  allowed.  Although  not  shown  in  Figure  3,  the 
columns  supporting  the  rollers  and  bearings  were  stiffened  during  testing  in  the 
horizontal  direction  to  minimize  lateral  deflection  of  the  fixture.  In  the 
second  study,  the  rollers  were  positioned  as  suggested  in  ASTM  Standard  E-399  on 
Fracture  Toughness  Testing  of  Metallic  Materials.  In  this  second  case,  the 
rollers  are  fixed  such  that  they  cannot  move  in  the  direction  of  the  applied 
load,  but  are  free  to  move  perpendicular  to  the  direction  of  the  applied  load. 
This  is  another  way  to  accommodate  rotation  of  the  roller  supports.  Also,  in 
the  first  study,  cracks  were  approximated  by  machined  saw  cuts  or  by  fatigue 
cracking,  while  in  the  second  group  of  experiments,  the  cracks  were  produced  by 
fatigue  cracking  only.  The  material  used  in  the  first  study  was  a  brittle  mar¬ 
tensitic  steel  whose  properties  are  presented  in  Reference  8.  In  the  second 
study,  the  material  was  ASTM  A723  Grade  2,  Class  3,  pressure  vessel  steel.  The 
results  from  the  first  experimental  study  are  discussed  first. 

A  typical  load  versus  load-line  displacement  plot  from  an  autographic 
plotter  is  shown  in  Figure  4  for  the  case  of  the  rollers  fixed  in  space  and  sup¬ 
ported  on  bearings.  As  can  be  seen  from  the  plot,  there  is  both  some  hysteresis 
and  nonlinearity  in  the  load-displacement  behavior.  For  those  tests  performed 
with  the  rollers  fixed  in  space  and  supported  in  bearings,  the  nonlinearity  and 
hysteresis  were  smoothed  by  using  least  squares  to  determine  the  compliance. 

The  data  shown  in  Figure  4  were  digitized  and  the  analysis  was  performed. 
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The  results  for  two  specimens  over  a  wide  range  of  crack  depths  are  given 
in  Figure  5.  In  this  plot,  k  is  the  radius  ratio  ^/rj.  Also,  the  experimental 
results  are  compared  with  various  predictions  of  the  load-line  compliance.  For 
each  crack  depth  tested,  there  are  three  points  plotted  in  the  figure:  the 
highest  recorded  compliance,  the  lowest  recorded  compliance,  and  the  average  of 
all  the  measurements.  Usually  there  were  five  loadings  and  unloadings  for  each 
experimental  condition.  The  solid  line  in  the  figure  is  the  Irwin’s  Equation 
prediction  of  compliance  from  Table  I  for  the  case  of  k  =  1.25  and  9q  =  45 
degrees.  This  solution  agrees  quite  well  with  the  experimentally-determined 
compliances  at  all  crack  depths  studied.  The  dashed  line  is  the  Irwin's 
Equation  solution  for  k  =  1.5  and  0q  =  54  degrees.  .The  agreement  between  this 
prediction  and  the  experimentally-determined  compliances  is  also  very  good 
except  when  the  normalized  crack  depth  is  either  0.1  or  0.5,  where  the  experi¬ 
mental  data  are  22  percent  and  40  percent,  respectively,  higher  than  the  pre¬ 
dicted  data.  All  possible  explanations  for  this  discrepancy  were  explored 
without  success.  Also  shown  in  this  figure  are  the  finite  element  predictions 
for  k  =  1.5  and  0q  =  54  degrees  using  both  models  of  analysis.  It  is  clear  that 
the  predictions  using  Model  1  (the  load  point  fixed  and  the  reaction  load 
actively  applied)  do  not  agree  at  all  with  the  experimental  results,  but  the 
results  obtained  using  Model  2  (the  load  actively  applied  and  the  reaction 
points  fixed  in  th*  0O  direction)  do  indeed  agree  with  the  experimental  results. 

A  second  series  of  tests  was  performed  using  the  fixturing  shown  in  Figure 
3  on  actual  fatigue  precracked  Kjc  samples  (ref  9).  The  load-line  compliance 
results  for  these  specimens  are  shown  in  Figure  6.  Two  specimen  geometries  were 
studied  here,  one  with  k  =  1.20  and  the  other  with  k  =  1.25.  In  both  of  these 
cases,  the  agreement  with  the  Irwin's  Equation  prediction  of  compliance  was  very 
good. 


17 


Another  series  of  tests  was  performed  with  a  precracked  sample  of  ASTM  A723 
pressure  vessel  steel  with  the  condition  that  k  =  2.0  and  0g  =  36  degrees  with 
the  rollers  supported  as  presently  suggested  in  ASTM  Standard  E-399.  Typical 
load  versus  load-line  displacement  traces  obtained  from  this  study  are  shown  in 
Figure  7.  When  these  results  are  compared  with  the  traces  given  in  Figure  4,  it 
is  clear  that  with  these  types  of  supports,  more  nonlinearity  is  induced  and 
there  is  a  greater  amount  of  hysteresis  behavior.  In  this  case,  both  of  these 
observations  are  to  be  expected  due  to  increased  roller  friction.  The  load-line 
compliances  from  this  testing  were  determined  graphically  by  taking  the  slope  of 
the  most  linear  portion  of  the  load  displacement  trace.  The  measured  compli¬ 
ances  appear  in  Figure  8.  Also  shown  in  the  figure  are  the  Irwin's  Eauation 
prediction  and  the  finite  element  prediction  using  Model  1  (load  point  fixed  and 
the  roller  reactions  actively  applied).  The  comparisons  are  quite  interesting, 
when  the  crack  length  is  small  and  the  specimen  is  stiff,  the  measured  compli¬ 
ances  are  in  good  agreement  with  the  Irwin's  Equation  prediction.  When  the 
crack  gets  a  little  deeper  and  the  specimen  gets  more  compliant,  the  specimen 
must  move  relative  to  the  rollers.  Since  the  amount  of  relative  motion  of  the 
specimen  with  respect  to  the  rollers  is  restricted  because  of  roller  friction, 
the  measured  compliances  deviate  from  the  Irwin's  Equation  prediction  and  follow 
the  finite  element.  Model  1  prediction,  for  a  time.  Finally,  when  the  crack  is 
very  deep  and  the  specimen  is  very  compliant,  the  roller  friction  severely 
limits  the  specimen's  compliance.  At  the  very  deep  crack  depths,  significant 
plastic  deformation  at  the  roller  supports  was  observed. 

These  experimental  results  suggest  that  when  small  amounts  of  displacement 
are  expected,  the  specimen  will  deform  according  to  the  Irwin's  Equation  predic¬ 
tion.  In  order  for  this  to  occur,  the  specimen  must  be  free  to  move  relative  to 


the  rollers.  When  the  rollers  restrict  this  relative  motion,  the  only  displace¬ 
ment  that  is  observed  is  the  motion  of  the  roller  support  location  relative  to 
the  load-point  motion.  And  finally,  if  the  specimen  is  very  compliant,  pin 
friction  can  drastically  change  the  compliance  response. 
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Figure  2b.  Two  models  used  to  analyze  the 
arc  bend-arc  support  specimen. 
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Figure  3.  Experimental  arrangement  with  rollers 

fixed  in  space  and  supported  on  bearings. 
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Figure  4.  Typical  load-line  displacement  versus  applied  load  traces  when  using 
the  experimental  arrangement  in  Figure  3.  The  radius  ratio  is  1.5, 
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Figure  5.  Comparison  of  experimentally  measured  load-line  compliances 

obtained  with  the  arrangement  in  Figure  3  with  predicted  load- 
line  compliances.  The  cracks  are  machined  in  the  specimen. 


experimentally  measured  load-line  compliances 
the  arrangement  in  Figure  3  with  predicted  load 
es.  The  cracks  are  from  fatigue  precracking. 
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Figure  8.  Comparison  of  experimentally  measured  load-line  compliances 

with  prediction  using  the  experimental  arrangement  for  three- 
point  bending  samples  suggested  in  ASTM  Standard  E-399. 


APENOIX  A 


LOAD-LINE  COMPLIANCES  FOR  ARC  BEND-ARC  SUPPORT  SAMPLES  WITH  EXTERNAL  CRACKS 

An  additional  sample  that  has  been  suggested  is  the  arc  bend-arc  support 
sample  with  the  crack  on  the  external  surface.  This  specimen  is  the  same  basic 
geometry  as  shown  in  Figure  lb,  except  that  the  crack  and  roller  supports  are  on 
the  outside  diameter  of  the  specimen,  and  the  load  is  applied  at  mid-span  on  the 
inside  diameter  of  the  specimen.  The  stress  intensity  factor  and  crack-mouth¬ 
opening  displacement  solutions  for  this  sample  have  been  developed  using  collo¬ 
cation  (ref  1).  It  is  a  relatively  simple  matter  to  apply  the  Irwin's  Equation 
approach  to  this  sample  to  predict  its  load-line  compliance.  In  the  course  of 
the  work  presented  in  the  main  body  of  this  report,  the  analysis  of  the  exter¬ 
nally  cracked  arc  bend-arc  support  sample  was  performed.  The  equation  for  Ano 
crack  is  easily  determined  using  Winkler's  theory  and  the  expression  is 


Ano  crack 


P  , _ k+1  . 

BE  8(k:!)  Uc5i"9o 


tan  90)/(l 


_2(k:l)__  3(2+p|0o 

( k+1 ) ln(k)  +  cos2  0 q 


+  3ptan  0O] )  (A1 ) 

The  contribution  of  the  crack  to  the  deflection  (Acrac|<)  was  determined  as 
described  in  the  main  body  of  the  report  (Eqs.  (5),  (6),  and  (7)).  The  only 
difference  here  is  that  the  interpolating  polynomials  (Eq.  (7))  were  fit  to  the 
numerical  stress  intensity  factors  for  externally  cracked  arc  bend-arc  support 
samples  from  Reference  1.  The  results  of  the  integration  are  given  in  Table 
A- 1 . 
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TABLE  A- I .  EBAtotal/p  DETERMINED  USING  IRWIN’S  EQUATION 
APPROACH  FOR  AN  EXTERNALLY  CRACKED  SAMPLE 
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TABLE  A- I.  (CONT'D) 


r2/r1  =  1.25 
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TABLE  A- I.  (CONT'D) 
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